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Abstract: In the first part of this work we consider compact riemannian manifolds h4 with 
holonomy in Sp (n)Sp (1). We show that M admits a compatible complex structure if and only 
if the holonomy is in Sp (n), up to finite coverings. We also show that the sign of the Ricci 
curvature completely determines the algebraic dimension of the twistor space. 
In the second part, by way of contrast, we give two geometric constructions of simply- 
connected quaternionic manifolds with a compatible complex structure which is not hypercom- 
plex. The first examples are non-compact and symmetric but we can show existence of compact 
quotients in some special dimension. The second one is compact and follows from general results 
of Joyce [6]. 
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1. Introduction and results 
A quaternionic-K%hler manifold is a 4n-dimensional riemannian manifold (M,g) 
whose holonomy is contained in the maximal subgroup Sp (n) xzz Sp (1) of ,90(47x), 
usually denoted by Sp(n)Sp( 1); furthermore n is supposed to be at least 2 because 
Sp(l)Sp(l) = SO(4). A t g s ron motivation to study these manifolds comes from the 
fact that they are always Einstein manifolds. If R denotes the Ricci tensor of g we then 
have a trichotomy according to its sign. 
Following the ideas of Salamon [13,15] we will denote by H the quaternionic line 
bundle associated to the standard representation of Sp (1) on C2 and the Sp (n) x Sp (1) 
bundle P which is locally defined as the double covering of the frame bundle P of 
M. Locally, one obtains three anticommuting almost complex structures I, J,K = IJ 
which in general are neither integrable nor globally defined. However we notice that 
the unit 2-sphere that they span in End(TM) and also the line bundle H are invariant 
by parallel translation. A useful tool in the study of quaternionic-K8hler manifolds is 
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that they always admit a twistor fibration t : 2 + M, where 2 is a complex manifold 
of complex dimension 2n + 1 which can be defined either as the projectivization of the 
bundle H, 2 = P(H) or as the 2-sphere bundle generated by I, J, K. The map t is 
then the natural projection and each fiber turns out to be a @i& with normal bundle 
O(l) * @2n An important feature is that 2 always admits an antiholomorphic involution 
(T called the “real structure” of 2 and whose restriction to any fiber is the antipodal 
map. The various geometric objects which are invariant under (T are also usually called 
real. Finally, since 2 = P(H) we will denote by 02(-l) the tautological holomorphic 
line bundle on 2. This in general is defined only locally, however its even tensor powers 
oz(2m) are always well defined and for example the canonical line bundle KZ is always 
02(-2(n + I)). 
Example 1.1. The projective quaternionic space IHIP( n > 2, is a quaternionic- 
Kahler manifold whose twistor space is the complex projective space ~3&~+r. The 
twistor map is given in homogeneous coordinates by t : [ZO, 21,. . ., 2&, Z&+l] H 
[Zo + .G+d, ’ * * ,.%I t Z2n+d Oz(l) is the usual hyperplane bundle and the real 
structure is c7 : [ZO, 21,. . . , Z2,, A&+1] H [-Zn+l,. . . , -.?&+I, 20,. . . , Z,]. 
A final remark is that the Levi-Civita connection of M defines a horizontal distri- 
bution D of complex hyperplanes in T lj”Z, and the quotient line bundle T1~oZ/D is 
isomorphic to 0~(2). A s we mentioned before (M,g) is Einstein and this is reflected 
by the fact that when the Ricci curvature is non-zero then D is a holomorphic contact 
structure on 2. On the other hand D is integrable when g is Ricci-flat. In other words 
the quaternionic line bundle H is locally parallelizable and on any small open set of 
M there are three anticommuting complex structures which are parallel. When these 
structures are globally defined (e.g. M is simply connected) the manifold (M,g) is said 
to be hyperkahler. 
It is natural to ask whether there are other situations in which M is a complex 
manifold, to this respect is clear. from the definition that a global section I : M + 2 is 
an almost complex structure on M; in fact it turns out that (M, I) is a complex manifold 
precisely when the image I(M) is a complex hypersurface of 2. In this situation it is 
useful to consider the real divisor XI := I(M) + c(I(M)) which has two connected 
components corresponding to the two sections f1. Of course not all complex structures 
on M are sections of the twistor space (this is illustrated by the following example) 
and we will call these special sections compatible complex structures because these are 
exactly the complex structures which belong to the given quaternionic structure. 
Example 1.2. The hermitian symmetric space Gz(@-~) = SU(n+2)/S(U(n) x U(2)) 
of complex 2-planes in cn+2 is a quaternionic-Kahler manifold without compatible 
complex structures. This can be seen directly or as a consequence of Proposition 2.6 
because the Ricci curvature of G2(c’“f2) is positive. 
In Section 2 of this work we will show that a quaternionic-Kahler manifold with a 
compatible complex structure is necessarily Kahler and Ricci flat because it is finitely 
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covered by a hyperkahler manifold. This is done by proving a vanishing theorem for 
holomorphic sections of line bundles on the twistor space 2 which is inspired to an 
analogous result of Gauduchon [3]. 
Concerning holomorphic properties of the complex manifold 2 it is known [13] that 
2 is a projective algebraic variety when R > 0. We will show instead that 2 is very 
far from being algebraic when R < 0. More precisely we obtain that 2 has no divisors 
if R < 0, while R = 0 implies that the field of meromorphic functions on 2 is always 
isomorphic to that of a rational curve. 
In Section 3 we present a twistor construction of quaternionic (non-Kiihler) mani- 
folds with compatible complex structure and show that they are in fact non-Riemannian 
symmetric spaces with holonomy S0(n,lHI)U(l) c SL(n,W)U(l). 
In the last section instead we apply recent results of Joyce to construct compact 
quaternionic manifolds which, as before and in contrast to the quaternionic-Kahler case, 
have a compatible complex structure which is not hypercomplex. 
2. Quaternionic-KGhler manifolds 
In this section we will consider compact quaternionic-Kahler manifolds (M,g) and 
investigate the existence of compatible complex structures on h4 in relation with the 
sign of the Ricci curvature of g. We will also give a precise correspondence between 
this geometric property of A4 and the algebraic dimension a(Z) of 2. This is an im- 
portant invariant of the complex structure and is defined to be the degree of the field 
of meromorphic functions on 2 over the complex numbers, see [lo] for details. 
We start with a simple extension of [2, Theorem 14.19 b]. 
Lemma 2.1. A compact quaternionic-h’ahler manifold il4 with R = 0 is finitely COP 
ered by a hyperkiihler manifold &f . In fact we can take i@ to be the riemannian product 
T x Ml x ..’ x Ml, where T is a hyperkiihler torus and each A4i is a compact (4ri)- 
dimensional manifold with holonomy sp (Ti). 
Proof. Since the universal covering (a, 5) is hyperkahler, we have that fi is isomet- 
ric to IHI” x Mr x . x Ml, where IHP is flat quaternionic space and h4i is as above 
[2, Theorem 14.19 a)]. Let ii? denote the product Mr x ... x lMI. 
Now we apply an argument of Salamon [15,10.8]: the group of isometries of M is 
finite because is compact and discrete by Bochner’s theorem. Therefore the subgroup 
I of nr(M) which 1 eaves &l pointwise fixed has finite index in rr(M) so that E@/ I is a 
flat compact manifold and is finitely covered by the hyperkahler torus T = II-@/ p, where 
l? c I is the subgroup of translations. This shows that M is isometrically finitely covered 
by T x &I which is hyperkahler because is the product of hyperkahler manifolds. •I 
Since any real holomorphic line bundle on 2 has the Chern class of 0~(2m) for some 
m [la], we now look at holomorphic sections of these bundles. 
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Theorem 2.2. Let M be a compact quaternionic-Kiihler manifold of non-positive Ricci 
curvature R and consider any non-trivial holomorphic line bundle on Z of the form 
L = C3(2m) @ F with cl(F) = 0. Then L admits holomorphic sections for some m > 0 
if and only if R = 0 and F is the trivial line bundle. 
Proof. When m < 0, L cannot have sections because its restriction to any twistor 
line is the negative line bundle U(2m) on @P 1. Similarly when m = 0 and s is a 
holomorphic section of L then its restriction to a twistor line is constant. Since the 
union of the twistor lines through any point z E 2 fills up an open subset of 2 we have 
that s must be constant on all of 2, but L is non-trivial and therefore s = 0 identically. 
We can then assume that m > 0 and divide the proof in two parts according to the 
sign of R. 
Part 1: R = 0. To show that F must be trivial under the hypothesis of the theorem, 
let us assume for the moment that M is actually hyperkihler. In this case any of the 
Kahler structures 1 of M will define a parallel section of S2H [13, p.1461 and therefore 
a holomorphic section s: of (3~(2) [13, L emma 6.41 vanishing on a real divisor XI. Now 
if J is a different such structure we have that XI r-l XJ = 0, therefore the natural map 
x : 2 + @IID1 defined by z H [s~(z),sJ(z)] is a holomorphic map which is onto because 
is non-constant. 
Let now X = XI then X is a smooth hypersurface of 2 with trivial normal bundle 
because is the disjoint union of two fibers of n, and by the adjunction formula ok 
restricts to the trivial line bundle on X. 
Now by assumption there is m > 0 such that H”(Z,C?(2m) @ F) # 0 while 
H”(Z,0(2(m-l)@F) = 0, restricting to X we have H”( 2, C?(2m) @ F) 4 H”(X, F(,) 
but cl(F) = 0 and therefore FI, is trivial because an effective divisor in a compact 
Kahler manifold represents a non-zero cohomology class. The same argument applies 
to any fiber of 7r and this shows that F is trivial on the fibers and therefore F = n*E 
for some line bundle E on CIPr. However r* : H2(@P1,Z) 4 H2(Z, ZL) is injective (in 
fact if cr generates H2(@IPr,Z) then r*(o) = (1/4)cr(Z) # 0) and therefore cl(E) = 0 
forcing E and F to be trivial. This concludes the proof for M hyperkahler. 
If M is not hyperkahler let r6i be a finite hyperkihler covering of M. By naturality 
of the twistor construction the twistor space 2 of 2 is a finite holomorphic covering 
of 2 with group of deck transformations T and projection p : 2 + 2; furthermore the 
pull back p*Uz(2) is just c32(2). Now suppose that 0 # s E H’(Z, 0(2m) 8 F) with 
cl(F) = 0 as usual. Then 0 + p*s E Rot,?, 0(2m) 8 F) and this implies that p’s is 
actually a section of 02(2m) because h is hyperkihler. But p*s is I-invariant and 
therefore s must be a section of oz(2m) as wanted. 
Part 2: R < 0. In this case we have a natural hermitian metric h on Z which is the 
sum of the metric of the fiber and the pulled-back metric on the horizontal distribution. 
Notice that h makes the twistor fibration t : 2 -+ M into a riemannian submersion with 
totally geodesic fibers. If @ denotes the associated (1, 1)-form of this metric we will 
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write 
@=\I’+?‘, 
where 9 is horizontal and 2 is vertical, so that: 
E=r\E_0 ‘= A dZ = 0 
I La-, Y 
and q”(2n+1) = 0. 
Furthermore the volume form Vg on M pulls back to give 
t*Vg = q”2n so that dqA2% = 0. 
We will next show that the hermitian metric h is always balanced (or semi-kahler), 
which just means that d * Q = d@ A2n = 0. To do this we use the 2-form w = -@ + Z’; 
it was shown by Salamon [13] that dw = 0 when the scalar curvature is -1, so that we 
also have 
Using the above identities we easily get: 
& d(@A2n) = (PA2+-I A d@ = (Q + E)A2n-’ A d@ 
= (@ A2n-1 + (27~ - 1)@A2n-2 A z) A dcf) 
= * A2n-1 A 2d!4? + (an- 1)!&A2n-2 A z A 2d Z 
- 2* - A2n-* A dq = $-d@A2n = 0. 
Let now 0(2m) @ F be a line bundle satisfying the hypothesis of the theorem and let 
Q be its Chern class, then since the metric is balanced the following integral is well 
defined, i.e. independent of the representative of Q: 
J Q A @‘A2n - - J @A2n = Vol(D) M D 
and is equal to the volume of the divisor D of any non-trivial meromorphic section of 
the line bundle in question, by Poincare’ duality. 
Now since w is pseudo-Kahler-Einstein with negative scalar curvature [13] we have 
that (Y is represented by -mcr(K) = T mw, where T is a positive constant, computing 
we have: 
!J A @A2n = (-‘L’ + E) A (!# + z)A2n = (-‘i’ + E) A (!&A2n + 2nqA2+’ A :) 
= _qfQn+l _ znqjA2n A E + z A qA2n + zn~A2n-1 A E A z 
= _(zn _ 1)q”2n A E = -%&$A2n+1. 
This shows that Vol(D) = --T m(2n - 1) Vol(2) and therefore since the divisor of a 
holomorphic section has positive volume every such section must vanish identically. 0 
Remark 2.3. The above result is the quaternionic-KBhler analogue of the vanishing 
theorem of Gauduchon for self-dual 4-manifolds [3]. Our argument would work in that 
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context only under the very strong condition that the metric is Einstein, nevertheless 
this suffices to give a direct proof of [16, Corollary 31. This observation is due to LeBrun 
who also suggested the final argument of the above proof. 
The importance of considering line bundles L of the form o(2m) 8 F with cl(F) = 0 
stems from the fact that any real divisor on 2 is the divisor of such a L [12]. On the 
other hand a compatible complex structure I on M defines a real divisor XI c 2 and 
it was shown in [13] that the algebraic dimension of 2 can be computed in terms of 
holomorphic sections of such line bundles L. We next discuss some applications. 
Corollary 2.4. If M is a compact quaternionic-Ktihler manifold of negative Ricci 
curvature then its twistor space Z has no divisors. In particular u(Z) = 0 and M 
admits no compatible complex structure. 
Proof. Suppose to the contrary that S c 2 is a hypersurface. Then S + a(S) is the 
divisor of a holomorphic section of some L = 13~(2m) 8 F. Cl 
Corollary 2.5. If M is a compact quaternionic-Kiihler of zero Ricci curvature then 
u(Z) = 1 and any compatible complex structure on M is Ktihler because it lifts to one 
of the structures of the hyperkiihler covering space (&I,g). 
Proof. As the algebraic dimension is invariant under finite coverings, we can assume 
that M = $I is hyperkahler in which case we have a holomorphic projection r : 2 -+ CIPj 
whose fibers exactly define the hyperkahler structure. Immediate consequences of the 
theorem are that r*Dcp,(l) must be (3~( 1) b ecause it has sections and that a(2) = 
Ic(Z,O(l)) = 1. L e now M have a compatible complex structure, the associated real t 
divisor X is a divisor of Oz(2) by the proposition and therefore it lifts to a real divisor 
of e)(2) on 2 which by the previous argument corresponds to one of the elements of 
the hyperkahler structure of &f. Cl 
Proposition 2.6. If M is compact quaternionic-Kiihler manifold with R > 0 then 
there is no compatible complex structure on it. 
Proof. The proof is by contradiction. In this case 2 admits a Kahler-Einstein metric 
of positive curvature and therefore is simply connected [13]. As a consequence every 
line bundle of zero Chern class is trivial on 2, so that X must be a divisor of o(2). We 
next look at the exact sequence given by restriction 
By a vanishing result of Salamon [13, Theorem 6.61 we have that H”(Z, 0(-2)) and 
H’(Z,C?(-2)) both vanish which contradicts the fact that X has two connected com- 
ponents. Cl 
Remark 2.7. We proved in this section that a compact quaternionic-Kahler manifold 
with compatible complex structure is finitely covered by a hyperkahler one. As pointed 
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out by D. Alekseevsky this result does not hold without the compactness hypothesis. 
A counterexample is given by quaternionic hyperbolic space NM(n) = Sp(n, 1) / 
SPWPW h h w ic can be realized as the open unit ball of flat quaternionic space H(n) 
with the induced quaternionic structure. Of course the imbedding is not isometric so 
that the standard quaternionic structure of lHI’H(n) is just hypercomplex rather than 
hyperKahler. 
3. Quaternionic manifolds 
A quaternionic manifold is a 4n-dimensional manifold M equipped with a torsion- 
free connection V whose holonomy is in SL(n,W)Sp(l) c GL(4n,R), see [15]. This 
seems to be an appropriate generalization of quaternionic-Kahler manifolds because 
the twistor space of M (i.e. the S2-bundle associated to the standard representation 
of Sp (1)) is again a complex (27~ + 1)-d imensional manifold with much of the same 
properties as before except for the fact that the horizontal distribution need not be 
holomorphic. When the holonomy of V is in SL(n, W) one has a hypercomplex structure 
on M which is the analogous of a hyperkahler one except that there is no metric on 
M with respect to which the complex structures are Kahler, indeed if V is a metric 
connection its holonomy is in SO(4n) n SL(n, W)Sp (1) = Sp (n)Sp (1) and we are back 
to the quaternionic-Kahler case. 
To construct our examples we will use the inverse construction of Pedersen and 
Poon [9], see also [8], which states that given a (273 + 1)-dimensional complex manifold 
2 admitting an antiholomorphic involution d and a foliation by rational curves with 
normal bundle O( 1)@2n on which CY acts as the antipodal map one can reconstruct a 
quaternionic manifold A4 whose twistor space is 2. Furthermore we want M to admit 
a compatible complex structure J; as before this is equivalent to having a hypersurface 
XJ c 2 which intersects every twistor line in exactly 2 antipodal points. In particular 
X = XJ has 2 connected components and the restriction of the twistor map t to any 
of these components is a diffeomorphism, in fact a (anti-)biholomorphism onto M. 
In what follows we will denote by (2, X) a p air consisting of a twistor space 2 and 
a real divisor X c 2 as above. 
Our construction is inspired to that of [ll]. The first step consists in taking (2,X) 
to be an open set in the pair (CIL!&+r, Q), where n > 2, Q c Cpzn+r is the smooth 
hyperquadric of equation 2: + . . + Zzn+r = 0 and @i?J&+r is the twistor space of 
m(n) as in Example 1.1. We will use the convention that the equivalence relation in 
the definition of ID?(n) is multiplication by a non-zero quaternion on the left. 
Since the hypersurface Q is real and of degree 2 it will intersect the generic twistor 
line in two antipodal points while the other twistor lines will be contained in Q. If we 
denote by P this last set of lines we have that 
P = t-‘(N), where N = {Q E H@(n) 1 t-l(q) c Q}. 
In fact we can write P has the intersection of Q with a smooth real hyperquadric H in 
the following way: if q = [Zo + Z,+lj, . . . ,Z, + Z2n+lj] is any point of m(n) then the 
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twistor line t-l(q) is entirely contained in P if and only if it intersects & in at least 
3 points. Now if 2: + ... + Z&+, = 0 we will write by abuse of notation that q E Q; 
of course in this situation we also have that jq E Q because the map c on cC:~ID~~+~ 
corresponds to left multiplication by j in HP(n). Therefore the condition for t-‘(q) to 
IieinQisthatthepoint(l+j)qEQ, h’h w rc is equivalent to ask that the point 
PO - Z+l,* * .,zz - ~2n+*,~n+lt~o,..~,Z2,+1 t Zn] 
lies in & or that 
_ 
- ~o~~+1t~,+120-~~~-ZnZ2n+~fZ2n+~Zn = 0. (34 
If H = -2i Im(Z 0 2 n+r +. . . •t &.?&+I) is the above skew-hermitian form (3.1) then 
from the linear change of coordinates given by 
I iI ( > il I 
we see that H has signature (2(n + 1),2(n + 1)) so that the locus H = 0, also denoted 
by H, is a smooth real hypersurface in ClP xn+r (i.e. real codimension 1) and P = QnH. 
As it is easy to check that Q and H intersect transversally in C&+2 \ (0) we also have 
that P is a smooth submanifold of CiPzn+l of real codimension 3. 
The group GL(n + 1,W) acts on IHUP(n) on the right as the group of quaternionic 
transformations. By just interpreting the homogeneous quaternionic coordinates of 
IHIP’(TZ) as homogeneous complex coordinates in @lP&+r we can lift this right action 
on JHP(n) to a linear action on the twistor space ClF2n+r. More precisely the matrix 
A + Bj E GL(n + 1,W) will act as the element 
(-- i) E GL(2(ntl),@). 
Remark 3.2. By lack of a better notation let us denote the image of this embedding 
by WGL(2(n + l),C) and notice that this is in fact a real form of GL(2(n + l),C) 
furthermore it is precisely the subgroup which preserves the twistor fibration. For later 
purposes let us also point out here that the action of lHGL(2(n + l),C) is transitive on 
@P2n+l* 
Following Salamon we will denote by SO(n f l,Hl) the subgroup of GL(2(n + l), C) 
which preserves P = Q n H; notice however that the same group is denoted by 
SO*(2(n + 1)) in [4, p. 4451. Th is is the non-compact real form of S0(2(n + l),C) 
which preserves both the complex symmetric form Q and the skew-hermitian form H; 
let us recall here that SO(n + 1,W) is connected and simply connected. 
Lemma 3.3. The subgroup SO(n t 1,W) is precisely the intersection of 
HGL(2(n + 1)~) z GL(n t 1,W) with SO(2(n t l),C). 
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Proof. If 
J= E GL(++ 1)X) 
we have by definition that g E SO(n + 1,W) if and only if %g = 
the other hand g E WGL(2(n t l),C) n SO(n t 1,C) e gJ = JS 
claim follows. Cl 
Remark 3.4. If we consider the real-valued function (i/2)H on 
position into three pieces: 
P = {[Z] E Q : @I(Z) = O}, 
I and %JS = J. On 
and “gg = I and the 
& we have a decom- 
&+ = {[Z] E Q : ;iIqq > 0) and Q- = {[Z] E Q : iiH(Z) < 0). 
We have already seen that P is a compact submanifold of real codimension 1 in Q, 
while of course Qi is an open submanifold. We will also consider their images in El@(n) 
under the twistor fibration: A4 := t(Q+) = t(Q_) is clearly diffeomorphic to both Q+ 
and Q_ via t, while the restriction of t to P is the projection of an S2-bundle whose 
base we denote by N := t(P). 
By the above lemma we know that SO(n+ 1, HI) is exactly the subgroup of GL(2(n f 
l),C) which preserves both the twistor fibration t : @lP2n+l + NIP(n) and the quadric 
Q, because of this we will be interested in the action of SO(n + 1,IHI) on Q. The first 
observation is that P, Q_ and Q+ are invariant subsets of Q and our next task will 
be to show that in fact Q = Q+ u P u Q_ is precisely the orbit decomposition of the 
SO(n •l- l,W)-action. Notice also that since Q is a S0(2(n + l),C)-homogeneous space, 
we are exactly in the situation of [17]. 
In order to give the precise homogeneous description, notice that as SO(n + 1,W) 
acts on the quadric & it will also act on m(n) = t(Q) via the twistor projection so 
that A4 = t(Q+) = t(Q_) and N are invariant submanifolds of this action. In fact it is 
convenient to start by considering the homogeneous structure of N. 
Corollary 3.5. As a homogeneous space, N is the grassmannian of “oriented” com- 
plex 2-planes in &+I, 
N Z SU(n + 1) / (SU(2) x SU(n - 1)). 
Proof. Using homogeneous coordinates on ED’(n) let q = [l, i, 0,. . . , 0] E N and observe 
that the element fi = A-t-i B E SU(n+l) acts on El@(n) as R’ = A+j B E PGL(n+l,W). 
If now R E Su(2) x SU(n- 1) we have that 
sol tjbol 0 . ..O 
aoo- jboo 0 . ..O 
aio + a& + bio + b& = 1 
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and q R’ = (aoo + jboo - iaol + kbol)q = q by the equivalence relation of lHP(n). 
Vice versa if R’ fixes q then the corresponding R E SU(n + 1) is of the form 
with the condition that C to = 0 and Cc = D tij + E ‘E = I from which it easily 
follows that D = 0, C E SU(2) and E E SU(n - 1). Cl 
This result has some useful topological consequences. 
Corollary 3.6. The spaces N, P and M ?’ &+ Z Q_ are all connected and simply 
connected. 
Proof. That N is l-connected is a consequence of its homogeneous structure, but 
then the same holds for P which is a S2-bundle over it. Now M is the complement of 
a codimension-3 submanifold in IRiP so that a simple transversality argument shows 
that it is l-connected. Namely, given any two points in M let y be a path in RIP(n) 
connecting them; as we can arrange for y to be in general position with respect to N 
it follows that y is a path in M which therefore is connected. But the same reasoning 
holds for loops: for any closed path y in M let D be a disc in W(n) whose boundary 
is y, then after moving D to be in general position with N we see that D lies in M so 
that nr(M) = 0. 0 
Proposition 3.7. P is the homogeneous space SU(n + 1) / (SO(2) x SU(n - 1)). 
Proof. If 0 = A + iB E SU(n + 1) th en I = %!? = tAA + tBB + i(tBA - tAB) so 
that the map 
SU(n + 1) --i SO(n t 1,W) 
is an imbedding with image SO(n+ l,W)nU(2(n+ 1)) = S0(2(nt l))nSp(n+ 1,IR) 
and therefore SU(n + 1) acts on P. Considering the point p = [l, i,O, . . . ,O] E P we 
have to look for its isotropy group IP under the above action of SU(n + 1). 
In fact it will be easier to find its Lie algebra i, c su(n + 1). For this purpose recall 
from [4, p.4461 that the Lie algebra of SO(n t 1,W) is 
so(n t l,W) = A = - tA and B = tB 
} 
so that su(n + 1) is simpIy the subalgebra obtained by taking A and B to be real 
matrices. Since the subgroup Ip = {g E SU(n + 1) 1 pg = Ap, for some X # 0) we have 
that its Lie algebra i, = {X E su(n + 1) 1 pe tX = Xtp, for all t}, differentiating at t = 0 
we have pX = (d/dtjt,,X)p. From this we conclude that 
i, = {X E .6u(n + 1) 1 Xp = pp, for some I_L E UZ}. 
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with A = - ‘A and B = tB. Computing we have 
= pp w in the obvious notation 
if310 = p 
--a10 = i/L Ii i boo _t iblrJ = 0 a02 + ialx = 0 and i bon + ibl, = 0. aon tia1, = 0 
So that i, = so(a) x bu(n - 1) imbedded in the standard way. If 0, denotes the 
orbit of p under SU(n + 1) we then have that 0, is a compact submanifold of the same 
dimension of P and therefore P must be homogeneous since it is connected. 
Let now K := SO(2) x SU(n- 1) d enote the corresponding group, then it is easy to 
check that Ir’ c I, and since they have the same Lie algebra Ii’ must be a connected 
component of I,, as a consequence SU(n t 1) / (SO(a) x SU(n - 1)) is a covering of 




1, and the result follows because P is simply connected. 0 
The manifolds Q+, Q- and M are homogeneous spaces isomorphic 
19) / (So(a) x SW@)). 
Proof. It is enough to consider Q+: let p = (l,O, . . . ,O, -i, 0,. . . ,O) then Q(p) = 
l2 + i2 = 0 and H(p) = Im( l( -i)) = 1 so that p E Q+, We will start by showing that 
SO(nt 1,W) acts transitively on Q+. In fact if q is any point of Q+ by Remark 3.2 we 
can find an element 
g=(-: ;) E WGL(2(n t l), C) 
taking our base point p to q. This says that we can write q as a column vector of the 
form 
where A0 and Bo are the first columns of the matrices A and B, respectively. Since 
q E Q, denoting by the standard complex bilinear symmetric form of en, we have: 
O= ‘qq=Ao.Ao-Bo.Bo+2iAo.BotBo.Bo-Zio.Aot2iBo.Jio 
= 2i Im(Ao . A0 t Bo Bo) + 2i 2iIm( A0 . &) 
= -4Im(Au.&) t 2ilm(Ao.Aot Bo.Bo). 
From which we deduce that A0 . & and A0 . A0 t Bo . Bo are real numbers. 
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Next we use that in fact q E Q+ i.e. 0 < i/2 H(q) = -i/2tqJ4; computing we get: 
= B. . B,, + & . & + Ao . Ao + & . & 
= 2 Re(Ae . Ao + Bo Bo) = 2( An . A0 + BO . Bo) by the previous result. 
Therefore after resealing we have that Ao.Ao+Bo.Bo = 1 and we are now in the position 
to show that g can be taken to lie in SO(2n,C); for this recall that the equation q = gp 
only involves the columns A0 and Bu. Therefore we can certainly arrange for g “g to be 
the identity matrix because we have that Ao .A0 + Bo. Bo = 1 and -A0 . & + Bo. A, = 0. 
The transitivity now follows from Lemma 3.3. 
Now we look for the isotropy group of p: and as before we will start by computing 
its Lie algebra 
i, = {X E so(2(n+ l),W) 1 Xp = pp, for some p E C}. 
Using the same notations as in the previous proof this yields the following linear system: 
(;;,:: and [;;!:f: 
( 
boo E R 
and therefore a()r = . . . = aen = 0 
her = ... = bn, = 0. 
But this together with the symmetries of A and B easily implies that i, = SO(~) x 
60(2n,W). The result now follows by setting K = SO(2) x SO(n,H) and applying the 
same reasoning as before. 0 
To summarize the results of this section, we have proved the following: 
Theorem 3.9. For any n >, 2 the simply-connected manifold M is isomorphic to 
the non-compact symmetric space SO(n + 1,W) / SO(2) x SO(n,EJI). Therefore its 
holonomy is exactly SO(n,IH)U(l) h s owing that M is an example of a quaternio- 
nit manifold with compatible complex structure which is not locally hypercomplex. With 
respect to this complex structure, the symmetric metric is pseudo-Ktihler with signature 
(2n,2n) and the group of holomorphic isometries of M is SO(n + 1,W). 
Proof. By construction the open set t-l(M) c cCIP~~+~ is a twistor space 2 with a 
divisor X = Q+ Lf Q- which meets every twistor line in exactly two antipodal points. 
This shows that M is quaternionic with admissible complex structure, furthermore 
these structures are (exactly) SO(n + l,W)- invariant because of Lemma 3.3. 
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Next notice that A4 is indeed a symmetric space. The metric is given by the Killing 
form induced by (3.1) and the required involution in co(n+ 1,W) is the same one which 
makes SO(2(n t l),Iw) / (SO(2) x 5’0(2n,R)) in 0 t a riemannian symmetric space, 
once we think of so(n + 1,W) as a subalgebra of so(2(n + l),C) as in the discussion 
preceding Remark 3.2. We can then conclude that the holonomy of the homogeneous 
manifold M coincides with its isotropy. 0 
Remarks 3.10. a) The above is an example of a space with a GL(n,IHI)U(l) torsion- 
free connection, the reader is referred to [5] for a more general treatment. 
b) In this section we started with a geometric construction and found out (with a 
little bit of disappointment) that our examples are symmetric. As suggested by D. Alek- 
seevsky one could instead take the other point of view and check from Berger’s list 
of non-Riemannian symmetric spaces [l] which are the ones with holonomy contained 
in SL(n,lHI)U( 1) b u not in SL(~,W). The result is that the only such examples G/H t 
with G a simple classical Lie group are the ones that we described. 
4. Compact examples 
It is now natural to try to use Theorem 3.9 to construct compact examples 
of SL(n,W)U(l)- t s ructures by taking the quotient of the above symmetric spaces 
M(n) = SO(n t 1,W) / SO(2) x SO(n,IHI) by a uniform lattice i.e. a discrete 
subgroup I c SO(n + 1,W) acting freely and properly discontinuously on M(n) 
so that I? \ SO(n t 1,W) is a compact manifold. Notice that this quotient will 
automatically be a quaternionic manifold with compatible complex structure since 
SO(n -I- 1,W) = Aut M(n). 
The existence of uniform lattices for any riemannian symmetric space G/H is a 
consequence of a famous result of Bore1 because any discrete subgroup I of G acts 
discretely on G/H. In the non-riemannian case however, due to the non-compactness 
of H, the orbits of I may very well be dense in G/H and the existence of uniform 
lattices is a topic of current research. 
The situation for our symmetric spaces M(n) seems to be particularly instructive 
and was communicated to us by T. Kobayashi, to whom we are very grateful. We 
would also like to thank A. Swann for pointing out the appropriate reference. 
It is proved in [7, Cor. 4.41 that a reductive homogeneous space G/H admits infinite 
lattices if and only if Iw -rank G = Iw- rank H. As a consequence M(n) cannot admit 
compact, or even finite-volume, quotients for n even. 
On the other hand M(1) admits uniform lattices because it is the product of the 
complex projective line with the Poincare disc. The same holds for M(3) because it is 
locally isomorphic to SO(6,2) / U(3,l) which admits uniform lattices by [7, Prop. 4.91. 
Finally, the situation for M(odd> 3) is still open. To sum up we can only say that as 
a consequence of Theorem 3.9 we have: 
Corollary 4.1. There exist examples of compact locally symmetric 12-dimensional 
manifolds with holonomy SO(3,W)U(l). 
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We can also describe a completely different set 
recent work of Joyce [6], the reader is referred to his 
details. 
of compact examples using some 
Example 1 in Section 3 for further 
The following construction yields non-symmetric examples of compact simply- 
connected quaternionic manifolds with a compatible complex structure and which are 
not locally hypercomplex; or in other words with a torsion-free connection whose re- 
stricted holonomy is in SL(n,W)U(l) but not in SL(n,w). 
Example 4.2. Given a quaternionic manifold M equipped with a U(l)-bundle P and 
invariant connection A, Joyce defines a new quaternionic manifold N which is “M 
twisted by P”. We apply this to the following situation: we begin with Clpz and the 
instanton A’ whose curvature is the (1,1)-f orm of the Fubini-Study metric and consider 
the associated bundle U over CIIDz. 
U is a hypercomplex manifold because Cp2 is self-dual and furthermore it is a fiber 
bundle over 02 with fiber W* / Z2. To compactify U we identify W with C2 and divide 
by the Z-action generated by the matrix 
where cr E C with lo] > 1 and Im cr # 0. 
Now A4 = u / Z is a compact quaternionic manifold with a compatible complex 
structure which is not hypercomplex (since a @ R). However this is not satisfactory yet 
because M is still locally hypercomplex. To remedy this situation we “twist” M by 
the bundle P which is the lift of the instanton bundle on Cp2 given by A’. 
The resulting manifold N is then compact, simply-connected and quaternionic with 
compatible complex structure but is not locally hypercomplex because this together 
with nr(N) = 0 would imply that N is hypercomplex which in turn would force M to 
be hypercomplex and this is absurd. 
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